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Abstract 
We study sound propagation in a model granular medium, which is a triangular array of nominally identical spherical beads 
under isotropic stress. Because of the point-like nature of the contacts between the beads, the slightest polydispersity makes the 
lattice of  effective contacts random. This randomness evolves with the overall stress applied on  the boundaries, and we use 
detection of longitudinal burst waves, with gaussian envelope, as a probe for the medium. At low and moderate stress, the 
velocity dependency on the applied stress exhibits clear discrepancies with Hertzian behavior, which shows that the contact 
lattice is indeed random.  
Time-frequency analysis gives full access to the dispersion relation of the lattice, both for long and short waves. For long waves,
the time-of-flight is shown to be identical to the group delay, as expected. This method also allows  measurements for short 
waves, which  probe small-scale  heterogeneities in the contact lattice: At high stress, almost all possible contacts are effective, 
and time-of-flight measurements indicate almost perfect Hertzian behavior. Group delay measurements for short waves, on the 
contrary, reveal persistent small-scale disorder. We discuss in some details the algorithms used for time-frequency analysis 
(Wigner-Ville distributions, pseudo Wigner-Ville distributions, reassignment  method). 
PACS : 43.60.+d;45.70.-n 
Keywords : Granular media;Time-frequency analysis; Waves in random mediaIntroduction 
1. Introduction 
Depending on the external excitation to which they are submitted, granular media behave as (unusual) solids, 
liquids or gases [1]. When at rest, they can carry acoustic waves like a solid, and in this respect have been a subject 
of interest since a long time [2]-[6]. The size of individual grains, their shape and positions are all randomly 
distributed, so that the response of the granular medium to a static load exhibits large inhomogeneity of the internal 
stresses [7]. 
Sound waves propagate along grains actually in contact, and their characteristics obviously depend on the elastic 
interaction between the grains. This latter is given by the Hertz law [8] and implies a dependency of the stiffness 
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1contact with the normal force that it sustains. As a result, the sound velocity should vary as P with the isotropic
pressure P. This is not true at low or moderate stress, where a P evolution is rather observed [9]. This
discrepancy cannot be attributed to a deviation from the ideal Hertz law at individual contacts, as shown by
experiments on a chain of beads [10], [11]. It is rather a collective effect, due to the evolution of the internal stress
distribution with the applied pressure, as shown in numerical simulations [12], [13], theoretical analysis [14] and
experiments [15], [16].
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The sound velocity is defined in the long wavelength limit. It is thus sensitive to large scale stress 
inhomogeneities. The aim of our work is to explore the response of a model granular system down to lengthscale at 
which acoustic propagation becomes dispersive. Our system is a two-dimensionnal regular lattice of nominally
identical elastic beads put under isotropic stress (see § 2). The unavoidable polydispersity of the beads make the
lattice of actual contacts random, and we recover the P law at moderate stress (see § 4, Fig. 3). We are able to 
measure the dispersion relation by time-frequency analysis [17] of the acoustical signal, which gives a probe for our
granular medium down to 3 bead diameters. The focus is put on the efficiency of several algorithms for time-
frequency analysis, and we show the relevance of reassignment methods to the determination of the dispersion
relation.
41/
2. Experiments
2.1. Experimental setup
The experimental setup (see [16] for details) is sketched in Fig. 1. The stainless steel beads (diameter d = 8 mm ±
4 μm) are placed in a regular triangular lattice, held in an hexagonal cell (sides length 31 d). The lattice is
horizontal, and the stress is applied isotropically by the three movable sides (force range 3-150 daN).
Fig.1  Schematic picture of the experimental setup. Dark grey: moving sides, light gray: fixed sides. There are actually 31 beads along each side 
of the hexagonal cell.
The emitter is designed to send without distorsion burst waves of Gaussian shape, of central frequency ranging in
[6.5, 26] kHz. The highest frequency corresponds to a 3 cm wavelength (less than 4 d). The receiver is a small
piezoelectric sensor (Valpey-Fisher VP-1093) placed in front of the emitter, at 31 d ¥3 i.e. 42.95 cm.
2.2. Measurements
At first,  the beads are disposed so that they form  a triangular lattice,  defining the initial state of the lattice. Then
we put it under maximum compression. As the lattice holds the stress, a specific contact network builds up.
Measurements at different applied stress can then be achieved using force decrements roughly 10% in magnitude.
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After each decrement, we send several gaussian burst waves at different frequencies. The amplitude of the bursts is
small enough to keep the contact network unchanged throughout the propagation. After recording all waves, we may
change the force again. This protocol may be set anew starting from another initial lattice state. 
3. Data analysis
3.1. Waves in random media
When a wave is sent in the experimental system, the lattice is at rest and the applied pressure is fixed, so that the
actual contact network is an example of static random medium.  By static, we mean that there is no evolution of the
disorder in time, and the amplitude and phase of the wave fluctuates randomly in space but not in time. The 
ensemble average of the received signals over all the initial states of the lattice represents the coherent wave, and its 
fluctuating part the incoherent wave. Practically, we do not have enough experiments to achieve a reliable ensemble
average, and we have to resort to cross-correlation measurements to identify a coherent part in the signals, with self-
averaging properties.
For two signals  and x , recorded with the same sampling period at time t the cross
correlation reads
x1 (t ],[, Nn
(1)
Since the coherent signal is self-averaging, we may determine its duration in the following way: We restrict the
signals to one pseudo-period around each maximum and we calculate C for two portions of signals recorded at
the same static force, after propagation in lattices of different initial state. For the first oscillations, the correlation is
1, and the limit value for N above which the correlation decreases defines the coherent signal pretty well, as shown
in [16].
)(0
This is crucial for what follows, since all forthcoming data analysis makes sense for the coherent wave only. For
example, the dispersion relation and the related quantities (group velocity, group delay) are defined for the coherent
wave, and led to physically inconsistent pictures when applied to the incoherent wave [6].
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3.2. Perfect lattice dispersion relation 
The disorder in our lattice comes from the very small polydispersity of the beads (0.05 % uncertainty in 
diameter). This is sufficient for sound propagation to exhibit its typical behavior for granular media at low applied
stress, as shown in § 4.2 below. Besides, this size uncertainty is of the same order as the deformation induced by the
static force applied to the lattice. Cross correlation methods applied to the partially incoherent tail of the signals
multiply scattered by inhomogeneities in the contact lattice, have shown that the lattice becomes fully ordered only
for the highest static available forces (typically, above 800 N, whatever the initial state of the lattice) [16]. In that
case, one recovers the much simpler problem of wave propagation in a regular triangular lattice. Experiments on 1D
chains of beads [10], [11] have demonstrated that two adjacent beads may be described as two point masses linked
by a linear spring whose stiffness is given by Hertz law, and thus depends on the normal force applied on the beads.
The dispersion relation for a regular triangular lattice of point masses linked by linear springs has been calculated
in [18]. It is convenient to express the results in terms of the cut-off frequency . The low frequency sound
velocity  and group velocity , for compressional waves propagating in the Oy direction, and polarized in that 
same direction (see Fig. 1 for a sketch of this axis), respectively read
(2)
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For the steel beads used in this experiment, the cut-off frequency is numerically given by previous experiments
[11], [15] as 11  kHz with F given in N, so that there is no free parameter in the forthcoming analysis. A 
closely related quantity is the group delay
04
(QgdT , which is the time of flight of a frequency component Q sent at 
time )(Qe )T  and received at time (QrT  after propagation on a distance L: )(/)()()( QQQQ gergd vLTTT  { .
This group delay is directly given by time-frequency analysis of both the emitted and received signal.
The relation (2) provides a way to validate our time-frequency analysis, because the lattice is almost completely
regular at the highest applied forces. At lower forces, and for frequency components close to the cut-off frequency
cQ , discrepancy of experimental data with the dispersion relation for the regular array is a rather efficient way to
quantify the level of disorder at the wavelength scale.
3.3. Time of flight measurements
The emitted signal is a burst of finite duration, hence the simplest measurement that can be done is the time-of-
flight of this signal along the emitter-receiver distance. If the signal frequency is sufficiently low, that is if its typical
wavelength is large compared to the bead diameter d, it propagates at the sound velocity c  defined in (2). In our
experiments, the lowest frequencies are centered around 6.5 kHz (see upper plot in Fig. 2), which corresponds to a
long wavelength, always more than 8 d even at the smallest applied static force. In this limit, dispersion is 
negligible and all frequencies in the burst have the same velocity . We refer the reader to [15], [16] for a detailed 
presentation of those measurements. We simply show on Fig. 3  a typical example of the evolution of sound velocity
as a function of the static force applied on the lattice. The non Herzian regime observed at low force illustrates a
consequence of the disorder in the lattice at low applied stesses. 
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3.4. Wigner-Ville transform
When a high frequency signal is sent in the lattice, its frequency components may propagate at different
velocities since the medium is dispersive. We are thus faced with the task of identifying those velocities as a
function of the frequency. A convenient tool is provided by time-frequency analysis [17], which identifies the
frequency components of a given signal at each time. This classical method [19] has shown its relevance to 
dispersive waves analysis in homogeneous media [20] as well as heterogeneous random media [21], [22].  A 
complete tutorial and GNU Octave or MatLab® scripts are provided by [23].
The method used in this paper is the Wigner-Ville transform (WVT). Let the signal be given by a complex
function of time x(t), with complex conjugate x ; its WVT is defined by)(* t
(3)
The density plot of the modulus of the WVT in the time-frequency plane is called the spectrogram. Its physical
significance is that of an instantaneous power spectrum [19]. Of particular relevance to this interpretation is the
property of time and frequency covariance,
(4)
showing that a translation of the signal by t  indeed implies a translation of its WVT by the same amount.
However, the WVT is quadratic and produces spurious interferences between physically independent frequency
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components. A way to suppress those interferences is to apply windows in time and frequency domain, in the
following way:
(5)
With two independent windows h(t) and g(t), we get the smoothed-pseudo-WVT. When )() ttg
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pseudo-WVT. The price to pay  is the compromise between the time-frequency resolution and the level of the
interference term: the more the smoothing, the less the resolution. In order to improve the resolution, Flandrin and 
his co-workers [23] have developped the reassignment method.  The idea is to move each value of the spectrogram
at any point ( Qt  to another point  which is the center of gravity of the signal energy distribution around)
),
ˆ,ˆ( Qt
( Qt . Most importantly, the reassigned spectrogram still satisfies the time and frequency shift covariance (4). We
discuss the relevance of those analysis methods in § 4.3.
4. Results
4.1. Spectral analysis
We show in Fig. 2 the power spectra of respectively the emitted signal (measured with a sensor in direct contact
with the emitter) and the received signal (limited to the coherent signal, see § 3.1 and 3.2), for a large static force
hence a quite regular contact lattice. The power spectra are compared to their gaussian fits, calculated from their
actual maximum and width. The emitted signal is indistinguishable from its fit (this is true whatever the applied
force), and the received signal, although strongly filtered after propagation in the lattice, almost keeps its gaussian
shape.
Fig.2  Power spectra of the emitted (red) and received (blue) signals, with their gaussian fit (black), for three different burst waves. Static force is 
1106 N. The filtering by the bead lattice is clearly seen. It is clear that the received signal almost keeps its gaussian shape
The time-frequency analysis is undertaken on the frequency components with sufficient amplitude. Practically,
we analyse the components of the signal that represent more than 20% of the maximum amplitude.
4.2. Long waves velocity
The sound velocity is the low frequency/long wavelength limit of the group velocity (2). It can be measured in
two independent ways. One is direct time-of-flight measurements,  as in [15], [16]. The other is to use time-
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frequency analysis of low frequency signals. This latter directly gives the sound velocity as )(lim Q
Q g
vs
0o
 c .  The
comparison is done in Fig. 3 below, and shows that both analysis are in very good agreement. The anomalous point
at very low force traces back to the great distorsion of the received signal, which makes the time-frequency analysis 
difficult.
Fig.3  Log-Log plot of the long wavelength velocity (in m/s) as a function of the applied static force (in daN). Red dots: data from time-of-flight
measurements [16]; blue crosses: data from time-frequency analysis; solid line: Hertz prediction (2); dashed line: guide for the eye of slope ¼. 
From this figure, we see that the Hertz regime is observed at high applied force (more than 25 daN in this case),
and that long wave velocity compares well with the theoretical prediction (2), which gives without free parameter
the 1/6 exponent and the prefactor. On the contrary, at lower forces the velocity is non Hertzian2. The cross-over
force between the two regimes depends on the initial lattice state (see [15], [16] for other data). The existence of a 
non Herzian regime is a convincing evidence that our experimental system, which clearly is an oversimplification of
a real granular system, still captures the main phenomenon which is the randomness of the lattice of grains in
effective contact.
4.3. Time frequency analysis
The motivation for time-frequency analysis is to get informations on small scale inhomogeneities of the lattice.
To this end, we have to use small wavelength waves. If their wavelength goes down to a few bead diameters they 
are necessarily dispersive, and time-frequency analysis of the coherent wave is a good tool to access the dispersion
relation. Such method has been used in [16] where it is shown that it confirms the pictures given by cross-
correlations measurements.
In this section, we focus on the evaluation of the algorithms used to proceed to time frequency analysis. This
analysis is restricted to the coherent wave, as emphasized in § 3.1. Sampling rate is a crucial point in such data
analysis, and we make oversampling of our data: typically, five oscillations are described by 128 points, and we
increase this number by a factor 4. We also use in all calculations the analytic signal [23] derived from rough data.
In this section, we use data recorded for the initial state that corresponds to Fig. 3.
First, we use data taken at a high static force (1106 N), such that the lattice may be considered almost completely
regular. The expected values for the group delay )(QgdT  as a function of the frequency are calculated from the bead 
properties determined in 1D experiments [11] and the static force value, without any fitting parameter. The results
2 This regime is characterized by the departure from the 1/6 linear fit in log-Log. It has become customary to exhibit a ¼ slope, but the
dependence of the sound velocity on the applied static force is not a power law [14].
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are shown in Fig. 4.  The signal is not well localized in the time-frequency plane by the simple WVT (Fig. 4.a).
Moreover, it seems that the curvature of the group delay is not well reproduced. The smoothed versions of the WVT
(Fig. 4.b and c) still do not localize the signal, which is obvious since resolution is necessarily poorer, but the
curvature is in better agreement. Hence interference terms may be responsible for the previous larger discrepancy on
the curvature. Lastly we show the reassigned WVT, which both localizes the signal very well and reproduces quite
well the expected QgdT .
Fig.4  Time-frequecy representation of a signal received at F = 1106 N, for a burst wave of central frequency 22 kHz. The (normalized)
amplitude increases from light yellow to light blue. (a) Wigner-Ville transform (WVT); (b): pseudo WVT; (c): smoothed pseudo WVT; (d):
reassigned smoothed pseudo WVT. Localisation of the signal in the time-frequency plane due to reassignement is striking. The thick black lines 
indicate the theoretical expectations and the cut-off frequency
In Fig. 5, we display the theoretical and experimental  curves for the group delay, at the same force. The
experimental points are obtained by time-frequency analysis.  At a given frequency, we determine the position in
time of the maximum amplitude of the reassigned WVT. The error bar is calculated from uncertainties due to
sampling rate. The experimental points are in excellent agreement with the thoretical curve for a regular elastic 
lattice, as it should be at such a large static force. The reassigned WVT works well in all our frequency ranges, and
gives access to the correct group delay when dispersion is not negligible.
We also plot on this figure the low frequency data given by time-frequency analysis of a burst wave with a 
central frequency of 6,5 kHz. It is seen that dispersion is indeed very small in this frequency range. To calculate the
velocities displayed in Fig. 3 we do the same  reassigned WVT analysis of low frequency burst, and take the average
velocity.
Another illustration is given in Fig. 6. The static force is 676 N ; as seen in Fig. 3, low frequency wave 
propagation is in good agreement with Hertz contact law. However, previous studies [15], [16] have shown that the
lattice is not fully regularized at this force. We have calculated the cross correlation )( 0WC  between the signal sent in
a lattice submitted to a force F and the signal sent in the same lattice (that is, same initial state) after one force 
increment ¨F (10 % of F), where 0W  is the difference in time of flight for the two signals. This correlation, when
limited to the incoherent tail, measures the evolution of the contact lattice with the force increment, and is a
sensitive probe of its randomness. At this force level, in contrast with the picture that may be drawn from low
frequency velocity measurements, this cross correlation of incoherent waves still evidences lattice randomness.
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Fig.5  Group delay (ms) as a function of frequency (kHz) for a static force of 1106 N, for several center frequencies of the burst
(circles : 6,5 kHz; squares 19,5 kHz and crosses 22 kHz). Signal analysis uses reassigned algorithms. In red we plot the 
theoretical prediction at the same force (2).
Time-frequency analysis of high frequency waves should not contradict this picture. Without reassignment, the
WVT (Fig. 6-a) exhibits large discrepancies with Hertzian behaviour, and is unable to reproduce the curvature of
QgdT . Moreover, the average velocity deduced from Fig. 6-a is not the low frequency velocity. This unphysical
behavior is an evidence that simple WVT produces artefacts that make it unsuitable for this analysis. On the
contrary, the reassigned and smoothed WVT shows discrepancies at the highest frequencies only. This agrees with
the low frequency measurements, and with the fact that inhomogeneities should be of rather small scales. Moreover,
this behavior is seen whatever the initial lattice state [16].
Fig.6  Group delay (ms) as a function of frequency (kHz) for a static force of 676 N, and a burst center frequency of 19,5 kHz. (a): calculations
from the WVT; (b): calculations with reassignmed pseudo-WVT. In red the theoretical prediction (2).
5. Conclusion
The main subject of this paper is the relevance of modern signal analysis tools to the study of wave propagation
in random media. Our system is a model granular medium. Its randomness is only due to the very small
polydispersity of the grains, which is of the same order of magnitude as the deformation that we may induce by
applying a static force to the piling. We are thus able to monitor the randomness with the force, and to recover an 
almost ordered system at the highest available forces. 
We observe the classical crossover between non Hertzian and Hertzian behavior for the low frequency sound
velocity. Using time-frequency analysis, with several algorithms linked to Wigner-Ville transform (WVT), we gain 
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access to the  representation of our signal in the time-frequency plane. We show that in order to get a good 
localisation of the energy, we have to smooth the WVT (which is quadratic, hence producing spurious interference 
patterns) and to reassign the resulting transform. When done properly, we get access to the full dispersion relation, 
in good agreement with the theory at high applied force. At all forces, we determine the low frequency sound 
velocity consistently with more usual techniques (time of flight measurements). At moderate forces, when low 
frequency measurements indicate Hertzian behavior of the lattice, time frequency analysis of high frequency waves, 
with wavelengths of the same order as the grains scale, evidences that small scale randomness still appears in the 
system. 
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